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A method of computing small self-oscillations of the systems of ordinary differ-
ential equations which is sufficiently simple for practical applications, is given,
The coefficients of the corresponding expansions are obtained from the linear
algebraic equations, A detailed analysis of the problem on the origination of
self-oscillations from the state of equilibrium was carried out in [1] for the sys-
tems of differential equations on a plane, This was developed further in [2 — 6],
In [7 —11] the problem on the origination of self-oscillations was studied for the
systems with lag, The self-oscillations are normally determined by expanding
themt in fractional powers of a small parameter, The difficulties which arise
from the lack of uniqueness in determining the expansion coefficients, can be
overcome [11] by separating the coefficients of the initial expansions into two
groups; the coefficients of the first group are then determined with the accuracy
of up to certain parameters which enter the equations in a nonlinear manner,and
the equations determining the second group of the coefficients are solved with
the aid of the refined parameters of the first group,

Below we give another method of obtaining an asymptotic expansion of self-
oscillations and of their periods, in which the coefficients of the asymptotic ex-
pansion are determined consecutively and uniquely from the recurent linear
relations,

1, Let R™be an n-dimensional Euclidean space and B" (r) = {s € R" : |z || < r}.
Let the function F (z, &) be defined in B™ (r) X [0, g] (g, >> 0) and analytic, and let
it assume values in R™. We shall consider the following system of ordinary differential
equations : dz/ dt = F (z, € (1.1)
We assume that F (0, &) = 0, consequently the system is in a null state of equilibrium
for all &, Let also the matrix 4, = F, (0, 0) have a pair of pure imaginary character-
istic roots J-i and let the remaining characteristic roots lie in the left complex half-
plane, We denote by e¢; and e, the vectors for which Ae; = 3, Ae; = —e¢,. Then, for
the conjugate matrix A,* vectors g; and £» can be found such that 4,*g; = —¢a;
A*g, = &1 and g;, e; = 0;5 (i, j = 1, 2). We assume that

ay =12 [(g1, Bie1) F (g2, B1e2)] 540, B, = %Fx ©, 0 (1.2)

Then for small ¢ ,the mawix A4, 4+ e¢B, has a pair of characteristic roots 3, (8) =
o () 4 ip (&), where o (0) = 0, p (0) =1 and a’ (0) = a,. Thus,at small & >0 , the
stability of the null state of equilibrium is determined by the sign of a,.

When & = 0, the linear terms no longer determine the stability of the null state of
equilibrium, We shall assume that the null solution is either asymptotically stable, or
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unstable, Following [6] we shall say that at & = 0 there is a "change in stability" of the
null state of equilibrium if for & = 0 the null state of equilibrium of the system (1.1) is
asymptotically stable (unstable), while for small ¢ >0 , it is unstable (asymptotically
stable), This definition differs somewhat from the usual one (see e, g, [1]), however we
find it useful when considering wider classes of systems with a small parameter accom-
panying the derivative, and of the systems with a lagging argument, It was shown in

[6, 9] that the change in stability of the state of equilibrium is accompanied by the onset
of self-oscillations,

2, We shall seek anasymptotic expansion of this self-oscillation in the form of a
series in integral powers of some auxiliary parameter ¢ which is geomertrically equiva-
lent to the length of the projection of the initial condition z, of some self-oscillation
on e;. We shall also expand the small parameter ¢ into a special series in powers of c.
Thus we choose, in fact, the parameter & in such a manner that the system (1,1) has a
self-oscillation, the projection ¢ of which on the vector ¢, is given, When & is varied
monotonously, the parameter ¢ varies in the same manner, Let

F(z, &) = F, (z) + eF) (z) + F, (x) + . . .
We set three formal series
z (T, ¢) = cxy (T) + ety (T) + . .. (2.1)
hic)=1Fhe+ hee + ..., y()=1vic+ v+ ...

Here z; (t) are 2n-periodic vector functions which assume values in B" and are, as yet,
unknown, 4, and y; are numbers which are also unknown and ¢ is a small positive para-
meter, In what follows, we shall choose the functions z; () so that

(g1 =1 0) — 1 = (g1 Ty 0) = (g2 2, (0)) =0, (k=1,2,...) (2.2)
The series (2,1) and the integer m > 2 are obtained from the formal identity

(2. 3)
L ) otz (5, O 1™ @) Fr e (3, O] - 1200 (0 Falz (5, ] o)

by equating the coefficients of like powers of ¢. Clearly x,, ..., Z,_,and hy, . ., ky_ye
are determined from the formal identity

dz (T, o)/dt = h (c) Fy [z (v, ¢)] (2. 4)

Let Fy(z)=Ayz + Ay (2, 2) + A3 (z, 2, 2) +. . ., where A; (¥, ...y, are polylinear
symmetric operators acting from R™ x ... X R"™ into K™ Then for r, we have the

following equation dryfdv = Az,

The above equation has a two-parameter set of 2x-periodic solutions z = ¢, (¥) +
2@ (7), and it can be assumed that @, (0) = ¢;, @, (0) = ¢,. From (2,2) it follows that
#; = @1 Let us assume that z,, ..., zp and 4y, ..., A, are successively determined,
Then for determination of Zp,, and hp we have

dap,, /dtv = Az, + hpd x, + Xpip (21s -« - Y Zpy hyy oo hoy) (2, 5)

In order for the above equation to have a 2n-periodic solution, it is necessary and suffi-
cient that -t
C(p == F 3 (hp.’hxl -+ Xp+1’ ll)1) dv =0 (2. 6)
0
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[

}3p E "%‘ (llpAlIl + Xy Pe)de =0 (2.7)
(
where y, and ', are 2n-periodic solutions of the conjugate system y = —A4,*, y, satis-
fying the conditions ¥, (0) = g, and 1, (0) = g,. Since 4,Q; = —@, and (¢, ¥2) = 1,
it follows that hp is uniquely obtained from (2, 7), The relation (2,6) may or may not
hold, When it does hold, Eq,(2,5) hasa 2n-periodic solution which is determined uniquely
from the conditions (2, 2), Otherwise we have ap == 0, and the sign of ap determines the
stability of the null state of equilibrium of (1,1) with & = 0 (see [12]),

Let p be the first number for which ap == 0. We set m = p 4- 1 and extend the proce-
dure of determining . ,, Tpigr + - o hipy hpeys oo vy and v, beginning from this num-
ber and using the formal identity (2, 3),

Let us write F, (*) in the form

Fy (x) = Bz + B, (z, z) +
where B; (y;, .- ., ys) denote the polylinear symmetric operators acting from A" X
. X R™into R™,
From (2, 4) we obtain the following equation for the 2Zn-periodic function =z, , (7):

d-l'p+l/d'f == Alxp+1 ']‘ /lpAll‘l + YlpBl-l'l "*‘ Xp+1 (111 -y TPy hlv LT} hp-—l) (2. 8)
Simple calculations show that
27 27
S(BICPH Y1) dT == 2nay, S(“ll%, $)dr =0
0 1]

where a, is determined from (1,2), Therefore Eq, (2. 8) has a 2n-periodic solution if
27
P Ly
- W 5 (A'p+17 'q)l) dv = 0
0
Ly
hp + 2n 3 [(Xpiys $) + (Bigy, o) TP dr =0
)
The first of the above relations yields y, = (—ap/a:)'/P, and the second one yields 4.
Taking into account (2, 2) we obtain from (2, 8) a unique Tppp e Let us assume that
Tpgrr + oo Tppeqs Bpr oo Rpis gl Voo - -5 Y5y have all been consecutively deter-
mined, A simple calculation shows that for the determination of Tpie Mpisoy and Vs we
obtain the following expression :
dzp, o/t = Awz, - hy o YT By -

Xprs@ ooy zpg b, ok

(2.9

p+s_2; Tl o vy Ts-—l)
Since y; ¥ 0, the condition of existence of a 2x-periodic solution of (2, 9) yields 1, and
hps-1» and hence z,,, (uniquely),
Thus the determination of z;, #;_, and v;_, can be extended to any integral value
of k>0.

3, Let us now have some definite value for & > 0 ,and attempt to determine the
self-oscillation with the accuracy of up to &*/P (& is an integer), Using the procedure
given above we construct z;, #;_y and Vip (=1, .. k) and set
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k k kp
z, (7, €) == 2 c‘xi (®), Ry (c) =1 +2 cihi, Ty (€) = 2 01'&
f==} i=1 ==l

Next, we use the method of undetermined coefficients to find the function ¢ = ¢ (sVP)
as the solution of the equation vy (c) = '/ ¥. Finally we set
(6, O = [t/ k (c(€/P)), ¢ (e/P)]
Thisyields an approximate self-oscillation with the accuracy of up to ¢*/P.
To justify this procedure we note that for the system (1,1) there exists a unique self-
oscillation z (¢, €} which can be expanded together with its period 7' () into an asymp-
totic expansion in the fractional powers of the parameter ¢

st )=o) P LS P T (e) = 2n + Tt/ TP

on each finite segment 0 <C ¢ < A , Moreover, this solution satisfies the condirions
(g1, 2 (0, &)= (—ay/ ap) /P40 ("' P), (g, = (0, £))=0 (this has actually been
stated in [6]), If we now set ¢ = (gy, = (0, &)), then &*/P = y;c -+ Vs¢* + . . . and the
solution z (¢, €) and period T (€) can be uniquely determined by the series

z(t, g=* (et () +...

T(e)= 2x {1+ hye + hoe® + .. 1), t=t/ {1+ het..)
where z; (v) are 2n-periodic functions satisfying the conditions (2, 2)., The above expan-

sions were obtained using the method described above,
Example, We consider the equation

2+ e + & — Pat + 4z = 0 (3.1)

where the prime denotes the time derivative, and find a small self-oscillation with the
accuracy of o (¢). To do this, we make the substitution 7 = Hv and seek z (v)in the form

(W)= ®)ct @t tae)d4 ..
where z; (1) are 2n-periodic functions, Let us set
H=1 by + hge*+ ..., &=+ T2+ .. B i
where k; and v; are coefficients, as yet unknown, A simple calculation shows that

Hz' = a2;"c + 7y + (397 + haty ") @ + (27 + bz + ket ) Ao

Hz = cx)” + 2y’ ...

H3z = g0 -+ 290 -+ (Bhgzy -+ a3) ¢ -+ (74 -F Bhozy - 3252y * + . ..

H3? = 2% + 2a,200% + (3hgz® + 22,25 + &) 4+ . ..

z3 = x,"3% 4~ 3y %yt 4. ..
where dot superscripts denote derivatives with respect to r , We substitute the above ex-
pressions into the equation obtained from (3.1) by replacing ¢, and equate the coefficients
of like powers of ¢. For z, we obtain the equation =1 -+ z, = 0 from which it follows
that x, = cos 1. Further, 2"’y + z; = P cos * v. From this we obtain, taking into account
the condition that z, (0) = z," (0) = @,

2, (1) = Ys B (3 — 2cos T — cos 21)
Calculation shows that in the present case we have m = 3.
Equating the coefficients of ¢ cubed, we obtain the following equation for xg :



350 E.la.Zhuravleva and V.V.Strygin

zy bz = p28in T — 2hecos T + B/3% cos {3 — 2co8 T — cos 21) |- asin® T

The condition of existence of a 2n-periodic solution to this equation yields
=YV __305" hy = 5/,,B2
It can be shown that z,; has the form

Z3 = @ - 2,08 T -+ bysin T + a,cos 2T - agcos 31 - bgsin 3t

Finally, equating the coefficients of ¢! we obrain
2 A 2y = —hyry — hgr — iz — 2y1very — 3hgzy —3hez; +
B (3hyz® + 22475 + 2% — Jox, %z,
The condition of orthogonality of the function sin T and of the right-hand side of the
last equation, yields ~*uy,® + 7,72 = ¥saf. From this it follows that p,=—1/sf V ~3a.
From the relation &2 = y,¢ 4 pyc® 4 ... it follows that
c= 08"+ 0+ ..., o0,=—2V3a/3a 0= —4p / 9o
therefore we have
2ifc08T 23 f | AW s
i o e B R oY T e

The procedure shown here can be generalized to embrace the systems of singularly
perturbed equations [6], It can also be used to compute the self-oscillations in the sys-
tems with lagging arguments,
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The problem of determining the mean stress and the other macrovariables ori-
ginates upon passing from the equations of motion which are valid in the micro-
scale, to the macroscopic equations which describe the motion of continuous
media (suchasa turbulized fluid,an elastic medium with microdefects, the suspen-
sion of gas bubbles or solid particles in a fluid, etc, ), The mean value of the
stress tensor over a volume was introduced in the monograph [1], and precisely
this quantity was used in the governing relations to compute the Einstein visco-
sity of suspensions, Moreover, some effective representation in terms of integrals
over surfaces [1] was used in specific calculations of these means with respect
to the volume, Later, Batchelor [2], and some other authors after him [3], used
precisely these means with respect to the volume as the stresses in the macro-
equations of motion by assuming the equivalence between the average with res-
pect to a volume and with respect to a surface, Hence, in particular, the abso-
lute symmetry of the macrostress tensor follows in the above-mentioned cases,

In this paper it is shown that the average of the microstress tensor and the
microflux of the momenta with respect to the volume according to the rule in
[1] determines only some symmetric part of the complete macrostress tensor,
For the simple case of a viscous fluid moving inhomogeneously over a micro-
level, this mean of the tensor with respect to the volume is related linearly to
the mean strain rates, Moreover, the representation used in [1] permits clarifi-
cation of the essential difference between the mean stresses with respect to the
volume and with respect to the surfaces, in the general case,

The method of integrating the microequations with respect to the vioume
[4 — 6] naturally results in the appearance of stresses in the macroequations,
which are the means with respect to the differential macroareas, It is essential
that the macrostress tensory is hence generally nonsymmetric although the equa-
tions of motion in the microscale correspond to symmetric continuum mechanics,
It is this consideration which permitted the development of the continuum equa-
tions of motion of a suspension, which reflects the effect of nonequilibrium intrin-
sic rotation of the suspended particles [7], and the case of a turbulized fluid with
anisotropies of eddy character is set in conformity to the nonzero antisymmetric
part of the Reynolds stresses [8],



